The equation describing the rate o f change o f the mean square vorticity in hom ogeneous isotropic turbulence is obtained and the term s occurring therein are discussed. A negative contribution to dufijdt arises from the effect o f viscosity, while a positive contribution is pro duced by the tendency for the random diffusive m otion to extend the vortex lines. This latter contribution can be related to the skewness o f the probability distribution o f the rate o f extension of line elem ents o f the fluid aligned in any given direction.
I n t r o d u c t i o n . C o n s e q u e n c e s o f i s o t r o p y
Considerable progress in the difficult task of understanding the mechanism of turbulent motion in fluids has been made since 1935 when G. I. Taylor introduced the notion of isotropy, or spherical symmetry. Taylor defined homogeneous isotropic turbulence by the property th at mean values of all functions of the components of the velocity fluctuation and their derivatives are independent of rotations and reflexions of the axes defining the frame of reference. The mathematical theory simplifies considerably under this assumption and several results of practical significance have been derived. I t has also been established th a t a good approxima tion to isotropic turbulence can be produced in a wind tunnel by passing the air stream through a mesh of regularly spaced rods, and th a t velocity fluctuations in the fluid can be accurately recorded with a hot-wire anemometer. Consequently the subject of isotropic turbulence has great interest and offers the possibility of a parallel development of theory and experiment.
The mathematical theory of those aspects of the motion in homogeneous isotropic turbulence which are described by double and triple velocity correlations has been set out by v. Karman & Howarth (1938) . These authors showed th at the mean values of the products of two and three components of the velocity fluctuations a t
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Decay of vorticity in isotropic turbulence 535 two points in the turbulent field could each be specified by a single scalar function of the distance r between the points. Thus
where 8tj is the unit tensor whose value is unity if = and zero otherwise. Sub scripts to the tensors on the left indicate the directions of velocity components at the point P while superscripts refer to the point P'. The vector of magnitude r, represents the spatial interval P P '} and u' is the root mean square of the fluctuation of any velocity component at any point of the field. The functions f(r) and are the scalars specifying the double and triple velocity correlations respectively (with dashes to denote differentiation with respect to r) and also represent the correlation coefficients for the particular configurations shown in figure 1. / and Jc/r are even functions of r, the latter vanishing with r. The mean square of the component of vorticity in any direction is easily determined from (1*1) with the result
where A is the dissipation length parameter introduced by Taylor (1935) . -u ' 3 k ( r ) F ig u r e 1. C orrelation fu n ctio n s f (r ) a n d k (r ).
The dynamical aspect of the theory is developed by applying the Navier-Stokes equations at each of the points P and P'. An equation for the rate of change of the double velocity correlation with respect to time is thus obtained; this will involve the triple velocity correlation in view of the non-linearity of the equations, but not the pressure since it forms part of a first order tensor which is zero in isotropic turbulence. Using (1-1) and (1-2), the dynamical equation becomes a relation betw een/and Jc, viz.
This is the fundamental equation for the rate of change of the double velocity cor relation and expresses all the information concerning the double velocity correlation which can be derived from the Navier-Stokes equations with the single assumption of isotropy. The equation giving the rate of dissipation of energy of turbulence is obtained from (T4) by putting r = 0, whence
Other equations having a physical interpretation may be obtained by comparing the coefficients of other powers of r in equation (T4). Thus the coefficients of give
and in view of (1-3), this equation describes the rate of change of mean square vorticity. I t is the purpose of this paper to examine this equation for the decay of vorticity in isotropic turbulence. The terms of the equation have each been measured by means of a hot-wire anemometer and suitable electrical analysis of the output. The measurements help to make clear the processes accompanying the decay of turbulence behind a mesh in a wind tunnel.
. T h e v o r t i c i t y e q u a t i o n
The physical significance of the vorticity equation is more easily seen when it is derived directly from the Navier-Stokes equations. As v. Karman (1937) has shown, this direct deduction leads in the case of homogeneous isotropic turbulence to
where is the component of vorticity in the i-direction. The second term on the right side clearly represents the entire effect of viscosity on the mean square vorticity; since
and since 02wf jdx2 is zero in a homogeneous field, the term is essentially negativ and represents a rate of destruction of vorticity. Referring to (1-6) and (T3), it follows that / q v is always positive as is already known from the measured shape of the correlation curve.
The first term on the right side of (2*1) can be written
where u is the local total velocity vector, and o 2 is the square of the local total vorticity vector, h represents arc length of the local vortex line, and when written as a subscript denotes a component parallel to th at arc length. Taylor (1938) discussed the meaning of this term and demonstrated both theoretically and experi mentally th at it is positive and represents a rate of production of vorticity. Note first th at (du/ds)s is the instantaneous rate of extension of the local vortex line. Now when positive extension of a vortex filament occurs, the magnitude of the local vorticity increases due to the consequent lateral contraction and angular accelera tion. Thus in parts of the fluid where there is a positive rate of extension of the vortex filament, the magnitude of the vorticity will be high, so th at one may expect (jj2(du/ds)s > 0. Taylor pointed out that this is consistent with the general tendency in turbulent motion for points to move apart and for lines to lengthen, giving a tendency for the average value of w2 to increase. He was the first to explain th at this production of vorticity due to random, diffusive extension of vortex lines is a funda mental process in the mechanics of turbulence and shows the reason for the very high rate of dissipation of turbulence energy. The effect of extension of the vortex lines is to tend to make the vorticity dis tribution 'spo tty ', with small regions of high vorticity; on the other hand, the effect of viscosity is strongest in regions of high vorticity, and tends to diffuse it evenly throughout the fluid. Equation (2-1) represents the balance between these two effects and an important deduction from the experimental results to be described hereunder is that this balance is similar for the deca}^ range tested. A single indirect measurement of the value of the terms of equation (2-1) has been described pre viously (Taylor 1938) and the result was th at the rate of increase of due to vortex extension and the rate of decrease due to viscous dissipation were, in this particular experiment, respectively about three and four times the resultant rate of decrease of a /2.
A further useful expression for the rate of increase of g/ 2 due to vortex extension is obtained by deducing from (1-2) th a t
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where u is the turbulent velocity component in the direction of the re-axis. Now the skewness of a probability distribution which is not too far from a normal dis tribution is commonly measured by the dimensionless ratio formed from the third and second moments. If S is minus the skewness factor of the probability distribu tion of du/dx (the minus sign is introduced because the skewness is found to be negative), then
The contribution to do)'2jdt from the process of vortex extension is thus directly proportional to S ;evidently the rate of extension of the v related to the average over space of the mean cube of the rate of extension in a particular direction. The various mathematical expressions of the vorticity equation can thus be written:
( 1) 
The form most suitable for comparison with experiment is
Each of the terms in equation (2-7) has been measured using methods which are described in the following section.
E xper im e n ta l method
The wind tunnel used in the experiments is in the Cavendish Laboratory, Cam bridge, and was erected by Professor G. I. Taylor and Dr D. C. MacPhail. I t is a closed return tunnel designed to provide a low level of turbulence in the working section.* The working section is initially 15 x 15in. and is 72 in. long. A slight divergence of the walls provides nearly zero pressure gradient over the whole section at commonly used speeds. In order to protect the anemometer wires, care has been taken to seal the tunnel from the outside air except at the slot used to insert the meshes. Turbulent flow which is approximately isotropic is produced by intro ducing square mesh biplane grids of circular cylinders at the entrance to the working section. In the absence of a mesh, the free stream turbulence (downstream com ponent) is approximately 0*06 %.
The basic measuring instrument is the hot-wire anemometer, used in conjunction with frequency compensation circuits in the manner described frequently in the literature. Certain precautions are necessary in order th at accurate measurements of the experimental quantities can be made, the most important being the use of wires as short as can be managed, in practice of lengths between 0*5 and 1 mm. The hot-wires used are of Wollaston wire 0-0001 in. diameter, and are operated at a temperature near 150° C. The compensation necessary to correct for heat lag is determined electrically using an interrupter.
All terms of equation (2-7) are completely determined by u', A, S and G. The measurement of u' is straightforward, but the remaining three quantities are determined by a method depending on the use of electrical differentiating circuits, and the assumption th a t ^ ^ d
i = ~U fr r '
where x represents distance downstream from the mesh, r is the time variable for the velocity fluctuation recorded by the hot-wire, and U is the mean stream velocity. This requires th at the turbulent velocities be small compared with the mean stream velocity, so th a t the flow pattern may be considered as remaining unchanged while it is swept past the wire. From the expressions for A, S and G in terms of spatial derivatives we have 1 A1 -
-wimi-wimT and the practical application only depends on the possibility of performing the differentiations electrically, which is straightforward, and of measuring the mean cube and the mean square of a fluctuating voltage.
Electrical differentiation depends on the use of the charging current of a con denser to produce a potential drop in a series resistance proportional to the time derivative of the potential difference across the condenser. When substantially the whole applied potential difference appears across the condenser and very little across the resistance, then it is accurate to take the potential drop across the resist ance as proportional to the time differential coefficient not only of the potential across the condenser but also of the applied potential. The circuit used in these experiments (figure 2) is fundamentally similar, but uses two resistance-capacity stages and an amplifier stage to produce the convenient characteristics of unit amplification in the middle of the frequency range and an upper frequency limit of operation which is beyond the capability of a hot-wire anemometer. F or the measure ment of the double derivative in G the above process is simply repeated on the output from the first differentiation.
It should be noted th at this method of obtaining correlation derivatives from measurements of time derivatives of the velocity, although in principle capable of indefinite extension to higher order derivatives, cannot be so extended, because amplifier noise is a limiting factor, and indeed makes the measurement of the double derivative in G very difficult at low values of the intensity of turbulence. It would be impossible to measure higher order derivatives with the present arrangement, but if there were available an improved input arrangement having a lower noise level, e.g. an input transformer, then some extension might be possible.
Two methods of measuring the mean cube have been used, the first involving the determination of various moments of the statistical distribution of by numerical integration. This distribution is obtained from an electronic 'g ate' circuit passing current only when the input voltage is within a prescribed narrow range. By varying the position of this range on the voltage scale, and by measuring the mean current at each position by means of a long-period microammeter, the complete probability distribution of a fluctuating voltage may be determined.
The second method is purely electronic. An output proportional to the instan taneous square of the input potential is obtained from a circuit depending on the curvature of the plate characteristic of a triode, and is multiplied by the original input in a balanced modulator circuit, thus producing a current output proportional to the cube of the input voltage. The mean value of this current is measured as before by a long-period microammeter. The circuits of these two devices for mea suring triple correlations are given in figures 3 and 4 and a more complete description will be published shortly. The first method is accurate but very tedious, while the direct measurement suffers from statistical fluctuations in the mean making precise observations difficult. The greater speed of reading makes the latter method pre ferable, and although similar results have been obtained by both methods, nearly all the results shown below are determined by the electronic method. The measure ment of mean squares is made with a thermo-junction and millivoltmeter.
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E xperim ental results
The measured values of u' are plotted in figure 5 in the form (U/u')2 against where x is the distance of the point of measurement from the grid of mesh size and U is the velocity of the stream flowing past the grid. As is usual, the time of decay in the idealized theoretical problem of homogeneous turbulence is identified with the quantity x\U occurring in the experimental turbulence which is slightly non-homogeneous. The abscissa x/M is therefore the time decay made dimensionless by use of the factors M and U. Experiments were made over a range of speeds U = 640 cm./sec. to 1280 cm./sec. and with three grids, M = 1-27, 2-54 and 5-08 cm., although only the two smaller mesh sizes were useful for the deduction of decay laws. Figure 5 shows the experimental points to be approximately independent of M and U as noted by many previous workers, and to lie approximately on a straight line for the decay range xfM = 20 to 120. Further evidence that (U/u')2 varies linearly with xJM will be obtained from the variation of A2 with x. figure 6 and since the agreement is good, it is concluded that under the circumstances of the present experiments n = 1 and both (U/u')2 and A2 increase linearly with the time of decay or distance from the mesh.* * Dryden (1943) has concluded from a survey of the available data that (U/u')* varies during decay as some power of t lying between one and two. He found the data from different sources not to be wholly consistent, and it is not possible to be certain about the reasons for these variations. Previous measurements of U/u' have not been accompanied by measurements of A8 during decay, so that the check on the decay law provided by (4*2) has not hitherto been used. While the authors therefore accept the decay law (U/u')*cct as applicable under the conditions of the above experiments (UM /v = 5*5 x 103 to 4-4 x 104), it is without prejudice to the possibility of slightly different laws applying under other conditions. Indeed it seems impossible on theoretical grounds for the above decay law to hold for indefinitely large times of decay. The authors hope to take up the question of the decay of energy and of the form of the double-velocity correlation function in another communication.
I t follows th at the Reynolds number of turbulence given by Rx, = A/r, is approximately constant during decay (and accurately so if (Uju')2 and A2 vanish at the same value of x) and the experimental values shown in figure 7 are in agree ment with this approximate relation. Using these results, it also follows th at the vorticity equation (2-7) Measurements of 8 a t different distances from the grid are shown in figure 8 for particular values of M and U. The inference from these, and other similar measure ments, is th at S does not change significantly over the decay range concerned. In view of (2-4), the meaning of this result is th at when r is small, the parabolic curve describing the function/(r) and the cubic curve describing the function k(r) maintain their shape and change their scale during decay by a similar factor.
The average value of
8 over the range of x/M covered by the each case is plotted in figure 9 approximately linear. The relation between the two Reynolds numbers is easily deduced from the experimental fact th at
is approximately independent of RM, i.e. Rx is proportional t indicated in figure 11 is the value of G obtained by T ments of the shape of the correlation function/(r) near the origin, and is consistent with the present measurements. Also shown in figure 11 as a full curve is the value of G deduced from the measured value of S, viz. 0-39, and the vorticity equation (4-3). The agreement between this relation for G and the direct measurements is quite reasonable in view of the many separate measurements involved. The exact value of S is of considerable interest, and to this end it is worth noting that a value of S other than 0-39 would not give an Vol. 190. A. agreement between the points and the line in figure 11 which is significantly better. The general agreement with the vorticity equation (4-3) is a confirmation, in the first place, of the assumption of isotropy of the turbulence behind a grid and of the mathematical deductions from isotropy, and in the second place, of the consistency of the measurements of the four quantities , A, and
D i s c u s s i o n o f r e s u l t s
If the results described in the preceding section are accurate, there is available some very interesting information on which to base physical theories of the mechanism of turbulence. I t will always be wise, however, to keep in mind the conditions under which the information was obtained; the range of grid Reynolds numbers and the range of (non-dimensional) decay times are the im portant factors. Some of the more direct deductions from the experimental data are indicated here.
(a) Since 8, G and Rx have all been shown to be app decay, it follows from (2-7) th a t the rate of production of due to diffusive stretching of the vortex tubes, and the rate of dissipation of due to viscosity, are each proportional to o/3 during the decay process. The difference between these two rates gives dco'2jdt which is likewise proportional to (o'3 and we mus have = constant, (5*1) as indeed is required by the linear dependence of (U/u')2 and A2 on t. I t also follows th a t the ratio of the rates of production and dissipation of is constant, and the vorticity balance is essentially the same a t all stages of the decay. This fact provides support for theories which maintain th at there is a dynamical similarity, a t different stages of the decay process, of those aspects of the turbulence which control the vorticity balance (Kolmogoroff 1941; Batchelor (in the press)).
The ratio of the contribution to d(o'2\dt from viscosity t is 2 G/RXS , and using (4*3) with the value S = 0-39, this becomes
The effect of viscosity is thus always the greater, and for the range of conditions of the above experiments, exceeds the effect of vortex extension by an amount ranging from 35 to 100 %. (6) In view of the attem pts of v. Karman & Howarth (1938) and of Dryden (1943) , to deduce the laws of decay of turbulence from the assumption th a t the various correlation functions f(r), k(r), etc., are functions only of r/l, where is a length which may change during decay, it is of interest to note th at the measurements show G, = /o v/(/o)2> to be constant during decay. Thus if f(r) is expanded in powers of r2, the terms as far as r4 are of a form consistent with the assumption of preservation of the shape of the double velocity correlation function during decay. From the experimental result S = -Jc'qA 3 = constant, it follows th at the triple velo relation function also has the form k{r/l), where l is the same length parameter as occurs in the double velocity correlation function.
(c) If the result th at S is an absolute constant be assumed to hold for indefinitely large values of RM (for theoretical support of this assumption, see Batchelor (in the press)), then at large Reynolds numbers equation (4-3) 
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Since M/ A is proportional to Rk M, the expression on the right varies as R *M when RM is large. The meaning of this result is that, as RM -» oo, the slope of the correlation curve immediately outside the region near the origin where it is paraboli6 increases indefinitely. Since A/ilf ->0 as RM-+co, the parabolic region becomes small and the correlation curve therefore becomes cusp-like at the origin as the Reynolds number becomes large.
In a paper already quoted, Taylor (1938) made the contrary assumption that the slope of the correlation curve f(r) immediately outs remains unchanged as the wind speed U increases. From this it was deduced that A4 /ov is proportional to U and th at vu'2 /™ is proportional to U5. Since the total rate of change of o»'2 can be written Taylor concluded that the ratio of the rate of dissipation of vorticity to total rate of change in oj'2 varies as U when U is large. The result of the present paper is (from
35-2
(5-3)) th at vu'2 foY is proportional to M~l hU*'b,and then to d(i)'2\dt are each of order higher than their resultant when is large, as in fact is evident from (4-3).
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